DOUBLE AFFINE HECKE ALGEBRAS FOR THE SPIN 
SYMMETRIC GROUP 



WEIQIANG WANG 

Abstract. Wc introduce a new class (in two versions, Sj c and # _ ) of rational 
double affinc Hccke algebras (DaHa) associated to the spin symmetric group. We 
establish the basic properties of the algebras, such as PBW and Dunkl repre- 
sentation, and connections to Nazarov's degenerate afhne Hecke-Clifford algebra 
and to a new degenerate afhne Hecke algebra introduced here. We formulate a 
Morita equivalence between the two versions of rational DaHa's. The trigonomet- 
ric generalization of the above constructions is also formulated and its relation 
to the rational counterpart is established. 



I. Introduction 

1.1. The double affme Hecke algebras (DaHa) introduced by Cherednik [2] are in- 
timately related to K. Saito's elliptic root systems [32] and the Dunkl operators [I], 
and they have numerous connections and applications to Macdonald polynomials, 
integrable systems, and (quantum) affine algebras, etc. The DaHa affords three 
variants of degeneration: rational, trigonometric, and elliptic. The rational DaHa, 
which goes back as a special case to Drinfeld [3], has been actively studied in recent 
years by many authors (see Etingof-Ginzburg [5] and the review of Rouquier [IT] 
for extensive references). 

The question addressed here is whether or not a reasonable notion of DaHa's 
associated to the spin symmetric group of Schur [13] exists. For Coxeter groups, 
there is a standard procedure to construct the associated Hecke algebras. The spin 
symmetric group is not a reflection group, and so a priori it is not clear whether 
such a DaHa should exist and, if it exists, how its characteristic feature looks like. 

In this paper we provide a natural construction of rational and trigonometric 
DaHa's, denoted by fj c and Sj~ , associated to the spin symmetric group, which not 
only exhibits new phenomenon but also suggests for further natural generalization. 
These new algebras afford favorable properties similar to the usual DaHa (see [5] 
and Suzuki [15]). Instead of constructing directly the DaHa for the spin symmetric 
group, our idea is to start with a construction of DaHa for a certain double cover 
of the hyperoctahedral group, which then by some Morita equivalence leads to a 
construction of the DaHa for the spin symmetric group. The twisted group algebra 
of this double covering group is a semidirect product C„ x CS n between the group 
algebra of the symmetric group S n and a Clifford algebra G n in n generators. 
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1.2. We introduce in Section [2] the rational double affine Hecke- Clifford algebra 
(DaHCa) jy with parameter u and show that jy has a standard PBW basis. In 
particular, jy admits a triangular decomposition with the middle part being the 
algebra C n x CS n . In contrast to the usual rational DaHa, the symmetry between 
the two halves of polynomial generators for jy has to be broken. We further provide 
a realization of jy in terms of Dunkl operators. 

A degenerate affine Hecke- Clifford algebra jy was introduced by Nazarov [9] 
for studying the Young symmetrizer for the spin symmetric group (cf. Brundan- 
Kleshchev [H [7] for recent development on representations of jy and see [3] and 
Lusztig [8] for the usual degenerate/graded affine Hecke algebras). We show that 
the DaHa jy contains a family of subalgebras isomorphic to jy, analogous to the 
usual DaHa setup (cf. [21 [5]). 

We then introduce the rational spin double affine Hecke algebra (sDaHa) Sj~ 
associated to the spin symmetric group and parameter u. The PBW theorem for 
j}~ provides the following isomorphism of vector spaces 

ir = e[6, . • • ,a] ® ® q^, . . . , yr j, 

where CS~ is the spin symmetric group algebra. A key new feature is that the 
generators yiS commute with each other but the £j's anti- commute with each other 
(cf. Definition l3.ip . We also introduce a (new) degenerate spin affine Hecke algebra 
The results for Sj~ and jy~ in Section [3] are parallel to those for jy and jy in 
Section [2j 

In Section [4] we establish an explicit isomorphism of super algebras 

iy ^ e n ®ir. 

In this case, the superalgebras jy and are said to be Morita super-equivalent (cf. 
13.2] for a justification of the terminology). We also establish another Morita 
super-equivalence between jy and jy~ by exhibiting an superalgebra isomorphism 
jy = C n (g>jy~. Such isomorphisms provide a conceptual explanation and easy proofs 
for the results in Section p parallel to Section [2j Without such a connection to 
iy, even the definition of Sj~ is by no means obvious. A finite-dimensional version 
of such isomorphisms, discovered independently in Sergeev [T3] and Yamaguchi 
|16j . explained for the well-known fact that the representation theory of the spin 
symmetric group is (essentially) equivalent to that of the algebra C n x S n . The 
three isomorphisms in the finite, affine, and double affine setups are compatible 
with each other. 

We finally introduce the trigonometric DaHCa $) c tr and the trigonometric sDaHa 
fifr. We construct explicitly a superalgebra isomorphism 

& tr e„ ® htr- 

We further establish the precise connections between our rational and trigonomet- 
ric DaHa's, following Suzuki [T3] in the usual DaHa setup. This is developed in 
Section [5j 
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1.3. This paper is a first step of a program in which we attempt to develop a 
new theory of spin Hecke algebras. The new features of the constructions in this 
paper will be instrumental in telling us how to relax the usual setup (cf. [HI E] 
and Ram-Shepler [TO] for the degenerate case) in order to define appropriate spin 
(degenerate/double) affine Hecke algebras more generally. The algebras 5} c and 53 ~ 
have large centers, and are expected to have rich finite-dimensional representation 
theory (compare [5] and Gordon [B]). 

2. The rational double affine Hecke-Clifford algebras 

2.1. The symmetric group S n . Recall that the symmetric group S n is generated 
bysj(l<i<n — 1) subject to the relations: 

SiSj | ^ J I ^ 1 

s 1 = 1, = (2-1) 

Let Sjj denote the transposition of % and j in the symmetric group S n . 

2.2. The rational DaHCa. 

Definition 2.1. Let u G C. The rational double affine Hecke-Clifford algebra 
(DaHCa) 53 c is the C-algebra generated by Xi,yi,Ci(l < i < n) and S n , subject to 
the following relations: 

X{Xj XjXi, ViVj ViVii (^, j) 

axi = x ai a, ayi = y ai a (er G S n ) 

C{X{ X^Ci, Cj?/i Vi^ii (^ - 2) 

CjXi X^Cj, C-jVi ViCji {} 7^ 3) 

aci = c ai a (cr g S n ), c\ = 1, dCj = -c,q (z 7^ j) (2.3) 

[j/j.Si] = «(1 + CjCi)sij, (i^j) (2.4) 
[j/ijZi] = -uj^(l + c k Ci)s ki . (2.5) 

Denote by C n , or C(ci, . . . , c n ), the Clifford algebra generated by c\, . . . , c n . The 
rational DaHCa 53 c is a super (i.e. Z 2 -graded) algebra with |cj| = 1 and = 
= = 0- Unlike the usual rational DaHa, the symmetry between x's and 
y's is broken in the definition of 53 c , cf. (12. 2p . 

For it = 0, we have 53f = (C[x,y}(&Q n )#S n , where the tilde refers to the 
unusual sign in (12. 2p . The 53 f _ o clearly has the PBW property, i.e. the 53[ _ o has 
a linear basis {x-y-ac-}, where a G S n , a,bE Z", e G {0, l} n and x- denotes the 
monomials x^ 1 ■ ■ ■ x°£ etc. The algebras 53 c are isomorphic for all «^0. 

Theorem 2.2. The PBW property holds for 53 c . That is, the multiplication of the 
subalgebra gives rise to an isomorphism of vector spaces: 

C[xi, ...,x n ](g) CS n (g)G n (g) C[j/i, . . . , y n ] 53 c . 
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Proof. This can be proved in a similar way as in [51 Proof of Th. 1.3, pp. 256-7] (and 
see loc. cit. for earlier works on PBW algebras), with one crucial modification. Set 
V = C 2n with the standard coordinates {xi,yi}, and note that K = Q n x CS n is a 
semisimple algebra. The new key observation is that E := V ®c K is naturally a 
K -bimodule even though K does not act on V . The right action of K is via the right 
multiplication g : v®a i— > v®(ag). The S n acts on the left by a : v®a H- t>°"Cg>(cra), 
while C n acts by q : Xj <g) a i-> (— l) 5<J 'Xj <g) (qa) and q : yj <g) a i-> <g) (qa). The 
rest of the proof is the same as in loc. cit. □ 

Remark 2.3. The observation in the above proof, when applied to more general 
pairs (V, K), leads to a generalization of Drinfeld's setup [3]. The proof above also 
shows that fj c is the only 'quadratic' deformation of i^f _ Q with PBW property. 

Note the special feature of fj c that an additional term t ■ 1 which appeared in the 
symplectic reflection algebra [S] is not allowed in (12. 5p by the conjugation invariance 
with respect to q. 

Remark 2.4. Introducing an additional central element z such that z 2 = 1 to 
we can define a modified algebra i^ mod with relations 

replacing the corresponding relations in (12. 3p and (12.21) . Then S) mod / (z + 1) = -f) c . 
On the other hand, Sj mod / (z — 1) is isomorphic to the ordinary rational DaHa (cf. 
[5]) associated to the reflection group 712^ xi S n with specialized parameters. A 
similar remark applies to the algebra $)~ introduced in Section [31 

Below we always assume that u^O unless otherwise specified. 

2.3. The degenerate afRne Hecke- Clifford algebra. The degenerate affine 
Hecke-Clifford algebra was introduced by Nazarov (also called affine Sergeev alge- 
bra in [5]). It is the algebra .fj c generated by Ci(i = 1, . . . , n) and S n , subject to 
the relations (12.11) . (12.31) and the following relations: 

ajSi = Siaj 

Q-i+iSi — Siai = 1 — Cj+iCj, 

CjOj = -OjCj, (2.6) 

a;Oj = ajai, Cjai = aiCj, (i ^ j). 

Our convention cf = 1 is consistent with [7j, not with [5]. The ^ c is a superalgebra 
with Cj being odd and being even for each i. For 1 < i < n, set 

Mi := ^(1 - CiC k )s ki , 

k<i 

The s are the Jucys- Murphy elements introduced in [5] and they satisfy 

M i M j = M j M i7 (Vz,j). (2.7) 

Proposition 2.5. [9] 
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(1) The algebra ft admits the PBW property. That is, the multiplication of the 
subalgebras induces a vector space isomorphism 

C[ai, . . . , a n ] <g> cs n ® e n A- ft. 

(2) There exists a unique algebra homomorphism ft — > Q n x CS n , which re- 
stricts to the identity map on the subalgebra G n x CS n of ft , and sends a\ 
to 0. Moreover, this homomorphism sends each cii to Mi (1 <i <n). 

(3) The even center of the algebra ft is C[af, . . . , a 2 l ] Sn . 

The intertwining elements 

4>i : = s 4 (a- - a- +1 ) + (a* + a i+ i) + CiC i+1 (ai - a i+1 ), 1 < i < n - 1 
were introduced in [9] (cf. [H Chapter 14]). 
Proposition 2.6. [9] TTie intertwining elements <fii 's satisfy 

$ = 2a 2 l +2a 2 l+1 -{a 2 i -a 2 i+l f 

(j)i<p i+1 <pi = 4> i+1 (j)i(f) i+1 

4>i^j = 4>j(Pi {\i - j\ > 1)- 
2.4. The affine Hecke-Clifford subalgebra of ij c . Set 

:= u~ x yiXi + Mi. 

Lemma 2.7. For a// z, j and each a e C, i/ie following identities hold: 

[zi, Zj } = 0, (2.8) 
[xi,;zj] - = 0, (2.9) 

[axj + Zi, axj + Zj] = 0. (2-10) 

Proof. We may assume % < j. Then, by (12.71) . we have 
u[zi,Zj] = u^lyiX^yjXjl + lyiXi.Mj] 



u \yi[xi, yj}xj + yj[y h Xj]xi) + [yix 



n Sij CjCiSij 



y%\^ij ^i^jSijjXj ~\~ yjySij ~\~ CiCjSijjXi 
~^~(jJi-Ei Vj^j^Sij {yi-Ei V j% j)CjCiSij 0. 

To prove (12.91) for i < j, we calculate that 



Zj\ \?Cji Zi\ 

= [xi, u^yjXj + Mj] - [zj, vT^iXi] 

{,C{Cj S{j S{j^jXj ~\~ {x% Xj^S{j (Xj ~\~ Xj^jCjCiSij ~\~ \Sij ~\~ C{CjSij^jX{ 0. 

Now (|2~T0|) follows from $Z]fy and (Q. □ 

We remark that [y^ Zj] — [yj, Zj\ ^ (i ^ j). 
Lemma 2.8. The following identities hold: 

C%Zi ZiC%, CiZj ZjCi {x -f- j). 
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Proof. Recall Zj = u~ x yiXi + Mj. It is known [9] that the Jucys-Murphy elements 
satisfy CjMj = — MjCj, and CjMj = MjCj for z 7^ j. Clearly, c^i/jXj) = — (yiX^Ci, and 
Cj(ViXi) = (yiXi)cj for 2 7^ j. Now the lemma follows. □ 

Lemma 2.9. The following identities hold: 

S%Z% 1 Cj+lCji 

(ax i+ i + z i+ i)Si - Si(axi + Zi) = 1 - c m Q. 

Proof. The second identity follows from the first one and the equation = SjXj. 

Note that 

z i+1 Si - = 0~V;+i^+i + M i+1 )si - s^u^y^ + Mj) 

= M i+1 Si - SjMj = 1 - Q+iQ. 

This proves the first identity. □ 

The next theorem follows now from Lemmas 12 .7\ 12.81 and 12.91 

Theorem 2.10. Fix a G C. The subalgebra of iy generated by Ci,ctXi + (1 < 
i < n) and S n is isomorphic to the degenerate affine Hecke- Clifford algebra fj c . 

2.5. The Dunkl operator for ,fj c - The PBW Theorem 12 . 21 provides the triangular 
decomposition of -f} c : 

# c[x] ® (e„ * cs n ) ® cy 

where C[x] is the short-hand for C[xi, . . . , x n ], etc. Denote by J^. the subalgebra of 
,fj c generated by C n x CS n and x±, . . . , x n . The subalgebra ff y is similarly defined. 
Take any C n x CS^-module W, and extend it to an fj!j.-module with the trivial 

action of x^s. Consider the induced iy-module Ind|cM^, which as a vector space 
is isomorphic to C[yi, . . . , y n ] <g) W. Denote the action by o. The most interesting 
S n x Cn- module is the so-called basic spin module L n = C(ci, . . . , c n ) of S n ix C n , 
(where C n acts by left multiplication and S n acts by permuting the q's), and the 

induced .fj c -module Ind| c L„ is then identified as C[yi, . . . , y n \ <g)C(ci, . . . , c n ). Given 
operators and g, ^ stands for g~ l h throughout the paper. 

Theorem 2.11. Given a G n >iCS n -moduleW , the action of Xj onC[|/i,...,?/„]®W 
realized as "Dunkl operator" as follows. For any polynomial f = f(y) and 
w G W , we have 

i 1 o(/®w) = iiV — — Skl f <g> (1 - CiC k )s ki (w). 
Proof. We calculate that 

Xio(f®Vj) = [Xi,f]ow + fXiOW=[Xi,f}oW. 

Now the theorem follows from Lemma 12.121 (2) below. □ 
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Lemma 2.12. (1) For a E N and i ^ j , we have 



yr -y 



Xi,y%] = -u - c^s^ 



Hi ~ Vi 

o] = - yk ( X _ c . Cfc ) Sfc .. 

^ Vi-Vk 



(2) Let /(y) 6e any polynomial in yx, . . . ,y n . Then, 

[Xi,f{y)\ =u) (1 - CiC k )s ki . 

Proof. (1) is proved by induction on a using [xj, y"] = yf~ X \Vj + yj -1 ^, 2/?]- 

(2) It suffices to check for every monomial /. We first prove the case when 
/ = Yij^iVj 3 using the first identity in (1). Then we combine with the second 
identity in (1) to prove for a general monomial / involving powers of y,;. □ 

Note that the symmetry between x's and y's in our algebra S~) c is broken. We 
compute below the Dunkl operator for y^. 

Lemma 2.13. For a E N and 1 < % ^ j < n, we have 

[y u <] = «V — k - ^s^ + K - — V-at 



Xfc X{ X k ~\- X{ 



r a] J « 3 \ z ' 

Proof. Follows by induction on a. □ 

We can identify C[xi, • • • , x n ] Cg> with the induced fj c -module Ind^c W, where 
W is a CS* n x C n -module and is then extended to an j^-module trivially. 

Proposition 2.14. The action of yi on C[xx, • ■ ■ , x n ] ® W is given as follows. For 
any polynomial f(x) and w E W , we have 

Vi o (f <g> w) = 22 [ - f^ 1 <g> s H (w) + — * klKJJ ® s ik (w) . 

\ Xk Xi Xk i Xi J 

Proof. First note that y^ commutes with all c/s. So we are reduced to the case 
/ = 1 and w being a monomial. This follows by induction from Lemma 12.131 □ 

2.6. The center of i} c . Denote by Z(A) the even center of a superalgebra A, 
which consists of all the even central elements in A. 

Proposition 2.15. (1) Foru = 0, the even center Z (i}f ) of the superalgebra 

$jf is C[xf, . . . , x 2 n \ yx, . . . , y n ] ASn , where A denotes the diagonal action on 
i 

3 



x 2 - 's and yj 's 



(2) We have C[x\, . . . c Z(S?) and C[y x , . . . ,y n ] bn C Z(Sj c ), \/u E 
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Proof. (1) is clear. 

(2) By Lemma [2.121 (1), for each i we have that 

[^yi + --- + y*] = o, Vfc>i. 

By definition of |j c , y\-\ Yy\ commutes with CS n x C n . So y x H hy^ G %(f) c ) 

for all fc, and thus C[yi, . . . , y n ] Sn C Z{&). We have C[x?, . . . , x 2 n ] Sn C Z(£ c ), by 
arguing similarly using Lemma [2.131 and the definition of □ 

Example 2.16. For n — 2, x\y\ + x\yi — {x\ + x 2 )si 2 — c\{x\ + x 2 )si 2 Ci G &(.fj c )- 



3. The rational spin double affine Hecke algebras 

The results in this section are presented in a way parallel to Section [21 but with 
all proofs omitted except for the PBW theorem. They can be either proved in 
the same way as for their counterparts in Section [2j or follow directly from the 
counterparts in Section [2] via the isomorphisms to be established in Section SJ 



3.1. The spin symmetric group algebra. The symmetric group S n affords a 
double cover S n , nontrivial for n > 4, according to Schur [13] (cf. [7]): 

1 — > Z 2 — >S n — >S n — > 1. 

Denote Z 2 = The spin symmetric group algebra CS~ := C[S n ]/(z + 1) is 

generated by ti, % — 1, • • • , n — 1 subject to the following relations: 

Utj = -tjU, \i - j\ > I. (3.1) 

The algebra CS~ is naturally a superalgebra by declaring ti for every i to be odd. 
Define the "transpositions" of odd parity, for 1 < % < j < n, 

[hj] = = (-l)^" 1 ^'-! ■ ■■t i+1 t i t i+1 ■ --tj-x 

which satisfies the following relations: 

[M + 1]=**, [i,j] 2 = l, 
U[i,j]U = -[i + for + 

Define the odd Jucys-Murphy elements 

k<j 

We have [H] (also see Chapter 13]) 

[Mi,M^]+ := MjMj + MjMj = 0, (z^j). 
As usual, we have denoted that [a, o] + = ab + 6a. 
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3.2. The rational sDaHa. 

Definition 3.1. Let u £ C. The rational spin double affine Hecke algebra (sDaHa) 
is the algebra S)~ generated by £i>Z/i(l < i < n) and U{1 < i < n — 1), subject to 
the relations (13.11) for ti and the following relations: 

CiZj = Mj = J/jJ/i, (i 7^ j), 

tj& = ~Citj, tjVi = Vitj, (i ^ j,j + 1), 

[Vi,€i] = u^[i,k]. 

Denote by C[£i, . . . , £ n ] the algebra generated by £i, . . . , £ n subject to the rela- 
tions = — for i j. Clearly, it has a linear basis where a £ Z^. 

Theorem 3.2. The PBW property holds for Sj~ . That is, the multiplication of the 
subalgebras gives rise to an isomorphism of vector spaces: 

e[6, • . • , U] ® cs- ® c[ yi , ....//,. — >^ . 

Proof. It follows readily from the definition that $)~ is spanned by the elements 
^-cry-, where <r runs over a basis for CS*~ and a, b £ Z™. Recall the homomorphism 
\1/ in Theorem 14.21 The images \& in explicit formulas are clearly all linearly 
independent in $j c by the PBW Theorem 12.21 for jy. Thus, all the elements C,-cy- 
are linearly independent in $)~. □ 

Remark 3.3. Note the subtle signs in the definition of The algebra is 
naturally a superalgebra with being even and being odd for each 2. The 
algebras Sj~ are all isomorphic for different u ^ 0. 

Below we assume that m^O unless otherwise specified. 

3.3. The degenerate spin affine Hecke algebra. The degenerate spin affine 
Hecke algebra is the algebra 9)~ generated by < % < n) and tj(l < z < n — 1), 
subject to the relations (13. ip for and the following relations: 

feifej = — 6jfei, (i 7^ j) 

bi+lti = —tib: L + 1, 

The algebra ij _ has a superalgebra structure with both 6j and tj being odd elements 
for every z. Note that the algebra Sj~ contains C[&i, . . . , fo n ] and CS" as subalgebras. 

Proposition 3.4. (1) TTie algebra $)~ admits the PBW property. That is, the 
multiplication of the subalgebras induces a vector space isomorphism 

Q[b u ...,b n ]^cs- Air. 
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(2) There exists a unique algebra homomorphism $)~ — > CS~ , which extends 
the identity map on the subalgebra CS~ of$)~ and sends b± to 0. Moreover, 
this homomorphism sends each bi to Mi (1 < i <n). 

(3) The even center of the superalgebra fj~ is C[6f, . . . , b%\ 

We define the (odd) intertwining elements in 



li := u ^id + Mi. 
Lemma 3.6. For i ^ j , the following identities hold: 

[&>3j]+ + [&>3t]+ = 0. 
[a£i + M, a£j + = 0, VaG C. 

Lemma 3.7. The following identities hold: 

(ad+i + li+i)U = -U(a£i + VaeC. 

Theorem 3.8. Fix a G C. The subalgebra of Sj~ generated by a^i +3» (1 < i < n) 

and CS~ is isomorphic to the degenerate spin affine Hecke algebra . 

3.5. The Dunkl operators for <o~. Denote by Sj^ the subalgebra of Sj~ gener- 
ated by CS~ and £i, . . . >£n- Take any CS'-module W, and extend it to an fij- 
module with the trivial action of £j's. Consider the induced i)~-module Ind^_iy = 



V»i := *<(&? - b 2 i+1 ) - (bi - b i+1 ), 1 < % < n - 1. 
Proposition 3.5. The intertwining elements ipi 's satisfy that 



= bi + bU-ibi-bU? 



ipiipj = -ipjipi (\i-j\ > 1) 
ijjibj = -bjipi (j ^ i, % + 1) 



V>»&t = -b i+1 i/ji, ipih +1 = -hipi. 
3.4. The spin affine Hecke subalgebra of Sj~ . Let 



C[yi,...,y n ]®W. 

Theorem 3.9. The action of & G on C[yi, . . . , y n ] £g> is realized as "Dunkl 
operator" as follows. For any polynomial f = f(y) and w G W , we have 



ii°(f®w)—uy ®[k,i](w). 




3.6. The center of ^ . 



Proposition 3.10. 




i. (1) Foru = 0, the even center ) o/t/ie superalgebra 

f,...,^;y±,..., y n ] ASn , where A denotes the diagonal action on 
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(2) For any u e C, Cfo 2 , . . . ,^] s " C Z(S)~) and C[y u . . . ,y n } s " C Z$-). 
Example 3.11. For n = 2, g yi + $y 2 + 2(fr - £ 2 )tx E Z(Sj~). 

4. The algebra isomorphisms 

The results in this section use earlier notations but their proofs will be indepen- 
dent of Section [3j Note that the multiplication in a tensor product C tg) Sj~ of two 
super algebras C and has a suitable sign convention: 

(c'®&')(c®&) = (-lf'W c \Jc®b'b). 

We shall write a typical element in as cb rather than c®&, and use short-hand 

notations c = c <g) 1, b — 1 <g) 6. 

Theorem 4.1. There exists a superalgebra isomorphism: 

Cj l— ^ Cj, Gj I— >-a/— 2Cj6j, Sj I— >■ — _ (Cj Cj_|_i)tj. 

T7je inverse map is given by 



Proof. Clearly $, \l/ are inverses to each other, once we show that they are algebra 
homomorphisms. Note that C n x CS n is a subalgebra of fj c and $ extends the 
isomorphism established in [HJ [16] 



This takes care of all the defining relations for the images of $ or \l/ of the generators 
which do not involve a, or bi (the verification of these relations can be done directly 
without difficulty). Among the defining relations involving bi, the most complicated 
one is ^(bi+iU + tj&j) = 1, which is equivalent to the following identity in fj c : 

1 1 1 1 

— — _Cj + iaj + i • — — — Ci)Si + — — — Ci)Si ■ — — CjOj — 1. 

This can be checked directly using the defining relations (12.61) of fj c . The verifica- 
tion of the remaining relations is similar, and will be skipped. □ 

An argument similar to the above implies the following isomorphism theorem. 

Theorem 4.2. There exists a superalgebra isomorphism: 



Hi l— ^ Cj I— >■ Cj, Xj I— > a/ 2~Cj£j, Sj I—)- . — 2^ C * Cj+i)tj. 
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The inverse map is given by 



Remark 4.3. (1) Recall the intertwining elements 0j and ^ from Sections [2] 
and[3j The isomorphism <E> sends <f>i to — y— 2(cj — q+i)^ for every i. 

(2) Recall from Propositions 12.10 1 and 13.81 that axi + Zj (resp. +3?) are the 
'polynomial' generators of a degenerate affine Hecke algebra isomorphic to 
f) c (resp. S)~). The $ sends ax^ + to \/— 2cj(a£j + fo) for each i. This is 
compatible with the fact that <E> sends Oj to \/—2cibi. 

(3) Note also that $ or $ sends the JM element Mj to y— 2cjMi, which amounts 
to checking the identity — Ck)Sik) = [k,i\. 

5. The trigonometric version of DaHCa and sDaHa 
5.1. The trigonometric DaHCa. 

Definition 5.1. The trigonometric double affine Hecke- Clifford algebra is the al- 
gebra S)\ r generated by e ±e %e/,Q (1 < i < n) and S n , subject to the following 
relations: 

c- = 1, c i c j = -c j c i (i^j) 
e ei e~ ei = 1, e ei e ej = e £j e e % 

= c^=e^c 3 (Vz,j), 

ae e ' = e £CT, cr, ctq = c ai a (a G S n ), 

V V V V I • I >\ 

e^+iSi - s^ = u(l - q+iq), ejsi = s^ej (j ^ i, i + 1), 

K V ,e"] = u ^ sgn(fc - i) — (fc _ t) , (efc „ ei) (1 - Q Cfc ) gfct . 

The algebra admits a natural superalgebra structure with q being odd and all 
other generators being even. Note that the subalgebra generated by e £i (1 < % < n), 
denoted by C[P], is identified with the group algebra of the weight lattice of type 
GL n ; the subalgebra generated by e €i (1 < i < n) and S n is identified with the group 
algebra of the extended affine Weyl group of type GL n ; for u ^ 0, the subalgebra 
generated by u~ l e(,Ci (1 < i < n) and S n is identified with the degenerate affine 
Hecke-Clifford algebra (cf. Sect. 12.31) . 

Theorem 5.2. (1) There exists a unique superalgebras homomorphism i : f) c — > 
$)l r , which extends the identity map on the subalgebra Q n x CS n such that 

i>(Vi) = e £l 



t(xi) = e €i | 
Moreover, i is injective. 
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(2) The homomorphism i extends to an algebra isomorphism 

The inverse j is an extension of the identity map on Q n x CS n such that 
J'(e ei ) = Vi, 

j{e() = yiXi + u y*](l - CiC k )s ki . 

k<i 

Proof. The j and (the extended) t are clearly inverses to each other, once we show 
that they are algebra homomorphisms. 

Recall from (12. 4p that uzi = i/iXi + w^ fc<i (l — CiC k )s ki . Let us verify 

j([ele^}) = [j(e^j(e^} = [uz l ,y l }. 

By a long but straightforward computation we have that 

[uZitVj] = -«!/t(l- CiC^Sij, (i<j), 
[uzuyj} = -uy j (l-CiCj)s ij , (i>j), 
[uzi,yi] = u yj(l - CjC k )s k i + u y^(l - CiC k )s ki yi- 

k>i k<i 

By another direct computation, we see that the commutator [e^e^'j are given by 
exactly the right-hand side of [uZi,yj] above with yi therein replaced by e e % for 
i<j,i = j, or i > j. 

The verification of other relations are even easier and will be skipped. □ 

Remark 5.3. Theorem 15.21 and Theorem 15.61 below are analogous to the relation 
between the usual rational DaHa and trigonometric DaHa due to Suzuki [13] . 

Proposition 5.4. The PBW property holds for S) c tr . That is, the multiplication of 
the subalgebras gives rise to an isomorphism of vector spaces: 

C[P] ® CS n ® e n ® C[e^, . . . , el] A io c tr . 

Proof. Clearly the multiplication homomorphism is surjective. 

The injectivity of this homomorphism follows from Theorem 15.21 (2) and the 
PBW property for & (and thus for Cf^] <8>c[y] More explicitly, j sends to 
yiXi plus lower terms. Via j and with such lower terms ignored, any linear relation 
among e v -<rc%- is translated to the same relation among (yx)-o~c-y-. But we know 
the latter are all linearly independent. □ 

5.2. The trigonometric sDaHa. 

Definition 5.5. The trigonometric spin double afftne Hecke algebra is the algebra 
$)J r generated by e ±ei , Q (1 < i < n) and U(l < i < n — 1), subject to the relations 
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(13. ip for ti and the following relations: 

e £l e" ei = 1, e ei e tj = e e] e e \ 

Ci+iU + Ud = u, Qti = -UQ (j 7^ i, i + 1) 
CiCj = — 0C< (» ^ j), 

[C<,e"] = u ^ sgn(£; - i) J ^-iy^-e,) ^ ^ 

Note that the algebra Sy^ r is naturally a superalgebra by declaring e ±ei to be 
even and Q and ij to be odd for every i. For u ^ 0, the subalgebra generated by 
^(l<i<rz) and CS~ is identified with the degenerate spin affine Hecke algebra 
Sj~ (cf. Sect. 133]) . 

Theorem 5.6. (1) There exists a unique homomorphism of superalgebras i~ : 
S)~ — > Sy^ r) which extends the identity map on the subalgebra CS~ such that 

Moreover, i~ is infective. 
(2) T/ie i~ extends to an algebra isomorphism: 

C^] ®CM ^~ ^> hjr- 

The inverse map j~ is an extension of the identity map on C5~ such that 
j~(e ei ) = Vi , 

r(d) = Vi€i+u^2[k,i\. 

k<i 

Proof. Follows from Theorem 14.21 and Theorem 15.21 or one argues directly as for 
Theorem 15.21 □ 

Theorem l5.6l and the PBW Theorem [321 for S)~ immediately imply the following. 

Corollary 5.7. The PBW property holds for Sj^.. That is, the multiplication of 
the subalgebras gives rise to an isomorphism of vector spaces: 

C[P]®GS-®C[Cl,...,Cn] ^htr- 

5.3. An algebra isomorphism. The following theorem can be established by a 
direct computation. 

Theorem 5.8. There exists a superalgebra isomorphism: 



e ! i— v e % C{ i y , 6^ i y y/ 2q(^, s, h- > - — (q 
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The inverse map is given by 

e 1 i y e % , q i y Ci , ^ i y 



Notes added. This first paper on spin Hecke algebras was posted in arXiv: 
|math.RT/0608074[ 2006. The results of this paper have been generalized and 
extended in different directions since then in a series of papers [T71 [TBI [19], [201 IZE] • 
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